11 — Waves and Instabilities
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Quasi-geostrophic approximation
» "barotropic model” and " baroclinic model”
ou Oh ov Oh
— -Vu—-—fv=—g— , — -Vv+fu=—g—
8t+" e & ox 8t+u v gc‘?y
oh 0 0
— + —(uh)+ —(vh) =0
ot 8x( ) 8y( )
> h is total thickness (" barotropic”) or layer interface h; (" baroclinic™)
> either g = 9.81m/s? ("barotropic”) or g — gAp/po (" baroclinic”)
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consider the layered model (first without u - Vu for simplicity)

@ —fv=— @ @ + fu=— @
ot ~ 8o ’ ot N gay
Oh ou Ov
ot + H (5 + (9_)/) = 0
take curl of momentum equation, i.e. 9(2.eqn)/0x — O(1.eqn)/dy
0 0odv 0 0 Oh
a(Zeqn) 3B + a(fu) = —gaa
0 dou 0 0 Oh
—(1. D ———— —(fv) = —g——
gy Lean) = e~ g, (V) &5y ox
subtract both
oc 0 0
— 4+ —(f —(fv) =
at+ax(u)+8y(v) 0
oC ou Ov B
a‘f‘f(&—l-@)—l-ﬁv = 0

with relative vorticity ( = dv/Ix — du/0dy and with 8 = 0f /Oy
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assume small Rossby number Ro, i.e. dominant geostrophic balance

Oh Oh
O(Ro) — fv = 85, : O(Ro) + fu = —g—@y
oh ou Ov
o 1 (a * @) =0

then v ~ (g/f)0h/0x and u~ —(g/f)Oh/0y

relative vorticity ( becomes

v du 9 (gdh\ 0 [ goh
¢ = a‘a_y”aGa)‘a_y(‘?@)
g (Ph  9°h\ g ohdf g (0h 8h
= ?<ﬁ+a_y2>_ﬁ@a_y”?<@+a_y2>

assuming |(gB3/f?)0h/dy| < |0v /x|, i.e small variations of f

gohot UK ov g—>g<<gifL<<a
f20ydy Qa’ 0Ox L a L

with Earth radius a, i.e. only length scales L smaller than a are valid
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» assume small Rossby number Ro, i.e. dominant geostrophic balance

Oh Oh
O(Ro)—fv=—g= , O(Ro)+fu= &5,
oh ou Ov
ot TH (& * @) =0

> curl ¢ ~ (g/f)(0°h/0x?® 4+ 8?h/dy?) for Ro < 1 and L < a

oC ou Ov B
a+f(—+—>+ﬁv = 0

ox 0Oy
E 92y 190, 5890
fatY " Har PP ox 0
J ., oh
a(Vh—R h)+6a ~ 0

with the "Rossby radius” R = \/gH/|f| and Earth radius a

> single equation in h: quasi-geostrophic potential vorticity equation
valid for Ro < 1and L K a
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> quasi-geostrophic potential vorticity (PV) equation

9 g2y map 4 g2
8t(Vh R h)+BaX = 0

valid for Ro < 1and L <€ a
with the "Rossby radius” R = \/gH/|f| and Earth radius a

> h is total thickness (" barotropic”) or layer interface h; ("baroclinic™)
> either g = 9.81m/s? ("barotropic”) or g — gAp/po ("baroclinic”)
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consider again the layered model, but this time with u- Vu

ou Oh ov Oh
bt _fy = — el fil = —g—
9t +u-Vu-—fv g(‘)x , 5t +u-Vv+ fu gé?y

take curl of momentum equation, i.e. 9(2.eqn)/0x — d(1.eqn)/dy

Sean) - 2O (Vo) = —gpeo

e s 22 L V- 2(8) = e
subtract both

D( gz V‘/—g_; Vu+—(fU)+—(fV) = 0

% % Vv—g—; Vu—i—f(%—l—g—;)-l-ﬁV = 0

with relative vorticity ( = dv/Ix — du/dy and with 8 = 0f /0y

Quasi-geostrophic approximation 8/ 16

curl of momentum equation, i.e. 9(2.eqn)/0x — d(1.eqn)/dy

D( Ou ou ou Ov
=5 9Y _ 7z Fl2= 422 —
Dt + Ix Vv ay -Vu+ (ax + 8y> + Bv 0
calculate
Ou G, Ou o Dudv Ovdv Oudu  Ovou
Ox Oy  0Ox0x Ox0y OyOx Oydy

v (0w v\ _ou (0w ov
 Ox \Ox Oy dy \Ox Oy
— < @4_@
N ox 0Oy

now use || < |[f| = U/L< Q2 — U/(2L) = Ro < 1

D(+f<8u ov

Dt a+ay)+5v ~ 0

for Ro < 1
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> assume again Ro < 1, i.e. dominant geostrophic balance

Oh Oh
O(RO) — fV = —ga s O(RO) + fLI = —g@
Dh ou Ov
bt 7 (a+$) =0

> curl ¢ ~ (g/f)(0°h/Ox*> + 8?h/Dy?) for Ro < 1 and L < a

D¢ ou Ov
— +f| =4+ = ~
Dt+ (ax—i-ay)—l—ﬁv 0
D /g, fDh ,goh _
o (7 V)~ hpe e O
E(Vzh—R—zh)Jrﬁ@ ~ 0
Ox

Dt

with the "Rossby radius” R = \/gH/|f| and Earth radius a

> non-linear quasi-geostrophic PV equation: 9/0t — D /Dt
still valid only for Ro < 1 and L < a
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> Ro as logy,(|C|/|f]) at 100 m in high resolution ocean model
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> except for equatorial ocean, Ro = |(|/|f]| is well below 0.1
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quasi-geostrophic potential vorticity (PV) equation

D g

D
D; 7 (V2h=R72h) + Bv =

o fO(V2h R™2h) + fo+ By | =

with material derivative D/Dt = 9/0t +u -V
" B-plane” approximation was used at y’ = yp + Ay:

of
f(y') = fly, + @\yoAer & fy+ Ay = fo+ By

with fy = f|,, = const and § = 0f /0y|,, = const
it follows that Df /Dt = D/Dt(fy + By) = u - V(By) = Bv

quasi-geostrophic PV is approximation to full PV for single layer

D (¢+f\ 0

Dt\ h )
full potential vorticity (PV) equation can be derived from full
equations for single layer (see exercises)
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full potential vorticity equation

Dq C+f

1 =0, g=>—

Dt h
quasi-geostrophic potential vorticity equation

Dq
Dt o

with ¢ ~ (g/fy)V?h and f = fy + By and R? = gH/f?
approximate full g using |[¢| < |f| and |By| < |fy| and |n| < |H]

=0, g= (V2h th)+f_§—fﬁh+f

¢+f ¢ fo By
h H—|—77+H—|—77+H—|—77
S fo/H By
= ORo) + 2+ G+ O(Ro)
_ ¢ T By
= H—I—H<1 H) H—I—O(Ro)

= (C+fo—(fo/H)n+ By)/H+ O(Ro)
= (C—=(f/H)h+f)/H+fo/H + O(Ro)
with 1/(1 + x) ~ 1 — x for small x =n/H
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» potential vorticity equation for a single layer

Dq (1 B fo
Dt—O, q= P or g=_( Hh+f

q is conserved for fluid parcels in single layer

» h = const, ( initially zero, parcel moves northward
f increases but ¢ = (f 4+ ¢)/h has to stay constant
— ( = 0v/Ox — Ou/0y decreases — anticyclonic rotation

» h = const, (C initially zero, parcel moves southward
— ( = 0v/0Ox — Ou/0y increases — more cyclonic rotation

cyclonic anti - cyclonic
Y
S | O
— —

X

w = (—ky,0,0) | u= (ky,0,0)

w=1(0,0,k) w=(0,0,—k)
u=—-ay,v=0 — (=a>0: cyclonic (anticlockwise) rotation
u=+4ay, v=0 — ¢ =a<0: anticyclonic (clockwise) rotation
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> potential vorticity equation for a single layer

G+ f
~h

Dg

=0
Dt ’

f
or q:C—ﬁOh—i—f

q is conserved for fluid parcels in single layer

» f = const, ( initially zero, parcel moves to deeper water

— ( = 0v/Ox — Ou/0y increases — cyclonic rotation
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> quasi-geostrophic potential vorticity equation

%%:o,qzéxv%—RQM+@+ﬁy
q is (approximately) conserved in single layer for Ro < 1
> ¢ = (g/f)V?his relative vorticity
» —(g/f)R~2h is stretching vorticity
> f = fy+ By is planetary vorticity

> h is streamfunction for the quasi-geostrophic flow

<¢>‘D/ > T
= .
4 — U
hl . \
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> quasi-geostrophic potential vorticity equation

Dq_

Dt—O,ngXV%—RQM+6+6y

f

q is (approximately) conserved in single layer for Ro < 1

> 1 = gh/fy is streamfunction for the quasi-geostrophic flow
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> u (blue arrow): anti-clockwise rotation of V1 (red arrow) by 90°
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